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Abstract. Let G be a finite abelian group, and let r/(G) be the smallest integer d such that 
every sequence over G of length at least d contains a zero-sum subsequence T with length |T| 6 
[1, exp(G)]. In this paper, we investigate the question whether all non-cyclic finite abelian groups 
G share with the following property: There exists at least one integer t G [exp(G) + 1, 77(G) — 1] 
such that every zero-sum sequence of length exactly t contains a zero-sum subsequence of length 
in [l,exp(G)]. Previous results showed that the groups C% (n > 3) and C| have the property 
above. In this paper we show that more groups including the groups G m © G n with 3 < m | n, 
Ggagb, Gf X 2o, G|a and GJ, (b > 2) have this property. We also determine all t G [exp(G) + 
1, 77(G) — 1] with the property above for some groups including the groups of rank two, and 
some special groups with large exponent. 



1. Introduction 

Let G be an additive finite abelian group. We call a zero-sum sequence S over G a short 
zero-sum sequence if 1 < \S\ < exp(G). Let 77(G) be the smallest integer d such that every 
sequence S over G of length l^l > d contains a short zero-sum subsequence. Let D(G) be the 
Davenport constant of G, i.e., the smallest integer d such that every sequence over G of length at 
least d contains a nonempty zero-sum subsequence. Both D{G) and 77(G) are classical invariants 
in combinatorial number theory. For detail on terminology and notation we refer to Section 2. 

By the definition of 77(G) we know that for every integer t 6 [1, 77(G) — 1], there is a sequence 
S over G of length exactly t such that S contains no short zero-sum subsequence. H. Harborth 
[18] proved that i](C^) = 17. In 1969, Emde Boas and D. Kruyswijk [7j observed the following 
interesting fact when they investigated the problem of determining of D(G). 

Theorem A. Every zero-sum sequence over Gf of length exactly 14 contains a short zero-sum 
subsequence. 

Theorem A just asserts that every sequence over G| of length 14 containing no short zero-sum 
subsequence has sum nonzero. In 1997, the second author of this paper obtained the following 
similar result to Theorem A when he investigated the unique factorization problem in zero-sum: 

Theorem B. ([9]) Let q = p n with p a prime, and let G = C^. Then every zero-sum sequence 
S over G of length \S\ S [2q, 3q — 2] contains a short zero-sum subsequence. 

It is well known that n{C^ n ) = 3m — 2 for every m 6 N. So, it is naturally to ask the following 
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Open problem 1. Whether all non-cyclic Unite abelian groups G share with the following 
property: There exists at least one integer t € [exp(G) + 1, 77(G) — 1] such that every zero-sum 
sequence over G of length exactly t contains a short zero-sum subsequence. 

Let us first make some easy observation for Open problem 1. Note that for every t E [1, D(G)\ 
there exists a minimal zero-sum sequence over G of length t. So, to consider whether G has the 
property above we may assume that t G \D(G) + 1, 77(G) — 1]. For convenience we introduce 

Definition 1.1. Let G be a non-cyclic finite abelian group. Define Go(G) = {t : D(G) + 1 < 
t < 77(G) — 1, every zero-sum sequence over G of length exactly t contains a short zero-sum 
subsequence }. 

If G = C 2 © G 2m then D(G) + 1 = 2m + 2 and 77(G) - 1 = 2m + 1. Therefore, by the definition 
we have Go(G 2 ©G 2m ) = 0. We believe that the groups G 2 ©G 2m are the only non-cyclic groups 
which offer a negative answer to Open problem 1. 

Conjecture 1.2. Let G be a non-cyclic finite abelian group. Ij ' G ^ G 2 © G 2m then Cq{G) 7^ 0. 

From Theorem A and Theorem B we know that Conjecture 11.21 holds true for G = G| and 
G = Cq with q > 3 is a prime power. In this paper we shall confirm Conjecture 11.21 for more 
groups by showing 

Theorem 1.3. If G is one of the following groups then Gq(G) ^ 0. 

1. G = C nx © G n2 where 3 < n\ | n 2 . 

2. G = C| o5 i where a > 1 or b > 2. 

3. G = G| x2 a where a > 4. 

4. G = G| a w/iere a > 1. 

5. G = G^a where 3 < r < a, or a = 1 and r > 3. 

6. G = G| w/iere /c = 3™i5™2 7"3 11 n4 13 n 5; ni > 1 ; n 3 + n 4 + n 5 > 3, and n x + n 2 > 
ll + 34(n 3 + n4 + n 5 ). 

7. G = G p n m © .ff where p is a prime, H is a finite abelian p-group satisfying \H\ > 3 and 
p n > D(H), and p n m > 3. 

We also determine Go(G) completely for the following groups. 

Theorem 1.4. Lei G be a non-cyclic finite abelian group. Then, 

1. G (G) = [D(G) + 1, 77(G) - 1] ifr(G) = 2. 

2. Go(G) = [D(G) + 1, 77(G) — 1] if G = C p n m © H with p a prime, H a p-group and 
p n > D(H). 

3. G (G 3 4 ) = {77(G 3 4 ) - 2,7/(G 3 4 ) - 1} = {37,38}. 

4. Go(C^) = {n(C r ) - 3,r](C r 2 ) - 2}, where r > 3. 

The rest of this paper is organized as follows: In Section 2 we introduce some notations and 
prove some preliminary results; In Section 3 we shall derive some lower bounds on min{Go(G)}; 
In Section 4 we study Cq{G) with focus on the groups G3; In Section 5 and 6 we shall prove 
Theorem 11.41 and Theorem 11.31 respectively; and in the final Section 7 we give some concluding 
remarks and some open problems. 
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2. Notations and some preliminary results 

Our notations and terminologies are consistent with [10] and [13j • We briefly gather some key 
notions and fix the notations concerning sequences over finite abelian groups. Let Z denote the 
set of integers. Let N denote the set of positive integers, and No = N U {0}. For real numbers 
d,f) £ K, we set [a, b] = {x G Z : a < x < b}. Throughout this paper, all abelian groups will 
be written additively, and for n, r G N, we denote by C n a cyclic group with n elements, and 
denote by C r n the direct sum of r copies of C n . 

Let G be a finite abelian group and exp(G) its exponent. A sequence S over G will be written 
in the form 

S = gi ■■■■■91= J] g Vs(S) , with Vg (S) G N for all g G G , 

gdG 

and we call 

t 

\S\ = I G No the length and cr(S) = gi = v g (S)g G G the sum of S . 

i=l g eG 

Let supp(S) = {g G G : v g (S) > 0}. We call 5 a square free sequence if v g (S) < 1 for every 
g G G. So, a square free sequence over G is actually a subset of G. A sequence T over G is called 
a subsequence of 5 1 if v g (T) < v g (S) for every g £ G, and denote by T|5. For every r G [1,^], 
define 

J2(S) = W(T) : T | S, 1 < |T| < r} 

<r 

and define 

J>) = (a(T) : T | S, \T\ > 1}. 

The sequence S is called 

• a zero-sum sequence if cr(S') = 0. 

• a short zero-sum sequence over G if it is a zero-sum sequence of length \S\ G [l,exp(G)]. 

• a short free sequence over G if 5 contains no short zero-sum subsequence. 

So, a zero-sum sequence over G which contains no short zero-sum subsequence will be called 
a zero-sum short free sequence over G. 

For every element g G G, we set g + S = {g + g\) ■ . . . ■ {g + g^). Every map of abelian 
groups (p : G —> H extents to a map from the sequences over G to the sequences over H by 
<p(S) = <p(gi) • . . . • tp(ge)- If y is a homomorphism, then ip(S) is a zero-sum sequence if and only 
if <t(S) G ker(<p). 

We shall study Cq{G) by using the following property which was first introduced and inves- 
tigated by Emde Boas and Kruyswijk [7] in 1969 for the groups C 2 p with p a prime, and was 
investigated in 2007 for the groups C r n by the second author, Geroldinger and Schmid [T2] . 

Property C: We say the group C!^ has property C if rj(C^) = c(n— 1)+1 for some positive integer 
c, and every short free sequence S over C r n of length \S\ = c(n — 1) has the form S = Y\i=i Qi' 1 
where gi, . . . ,g c are pairwise distinct elements of C^. 

It is conjectured that every group of the form C r n has Property C(see [10], Section 7). The 
following three lemmas connect Cq(G) with Property C. 
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Lemma 2.1. Let G = C r n with 77(G) = c(n — 1) + 1 for some c G N. If c < n and if G has 
Property C then 77(G) - 1 G C (G). 

Proof. Let S be a zero-sum sequence over G of length IS") = //(G) — 1 = c(n — 1). Assume 
to the contrary that, S contains no short zero-sum subsequence. Since G has Property C, 

5 = 9?' 1 w hh gi G G for every i G [1, c]. Therefore, (n - 1) (51 + g 2 H h 5c) = cr(S) = 

= n(gi + #2 + • • • + 9c)- It follows that gi + <?2 + • • • + g c = 0. But gi#2 • • • • • 9c I S and 
bi52 • • • • • 9c\ = c < n, a contradiction. Hence, r/(G) — 1 € Co(G). □ 

Lemma 2.2. Let G be a finite abelian group, and let H be a proper subgroup of G with exp(G) = 
exp(H) exp(G / H) . Suppose that the following conditions hold. 

(i) r,(G) = (r,(H) - 1) exp(G/tf ) + f](G/H); 

(ii) G/H^C r n has Property C; 

(hi) There exist t\ G [l,exp(G/H) — 1] and ti G {1,2} such that t% < ti and such that 
[r,(G/H)-t 1 ,r,(G/H)-t 2 ]cC (G/H). 
Then, 

[77(G) - h, n(G) -t 2 ]cC (G). 

Proof. To prove this lemma, we assume to the contrary that there is a zero-sum short free 
sequence S over G of length 77(G) — t for some t G [f2,ii]- Let (p be the natural homomorphism 
from G onto G/H. 
Note that 

(2.1) |5| = 77(G) - t = ( V (H) - 1) eMG/H) + (n(G/H) - t). 
This allows us to take an arbitrary decomposition of S 

(2.2) S=i Jl Si 
with 

(2.3) \Si\ G [l,exp(G/H)] 
and 

(2.4) o~(S{) G ker tp = H 

for every i G [l,7/(ff) — 1]. 

Combining (pTTj) . ([272]) . ([23]1 and (p^j) we infer that 

(2.5) \S'\ > v{G/H) - t > rj(G/H) - h 
and 

(2.6) tx^OS')) = 0. 

Claim A. tp(S') contains no zero-sum subsequence of length in [l,exp(G/H)]. 
Proof of Claim A. Assume to the contrary that, there exists a subsequence S v fm (say) of S' of 
length 1 G [1, exp(G/H)] such that a(S J] ^ H ^) G ker cp = H. It follows that the sequence 

U = Yi contains a zero-sum subsequence W = Y\ ieI cr(Si) over H with / C [1, rj(H)] and 

i=l 

\W\ = \I\ G [l,exp(H)]. Therefore, the sequence Y\ ieI Si is a zero-sum subsequence of S over G 
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with 1 < | n«e/ &i\ — \I\ exp(G/H) < exp(H) exp(G/H) = exp(G), a contradiction. This proves 
Claim A. 

By (|2.5p . (|2.6j) . Claim A and Condition (hi), we conclude that 

t 2 = 2 

and 

(2.7) |S'| = V (G/H)-1. 
This together with Condition (ii) implies that 

(2.8) c/?(S') = x™- 1 • . . . • x?" 1 

where c = 1 and sij-- - are pairwise distinct elements of the quotient group G/H. 

So, we just proved that every decomposition of S satisfying conditions (|2.3[) and (|2.4p has the 
properties (2.5)-(2.8). 

Since t < h < exp(G/H) - 1, it follows from (^1) . (1231) and ([22]) that |S;| G [2,exp(G/H)] 
for all i G [l,r/(ff) — 1]. Moreover, since t > i 2 = 2, it follows that there exists j G [l,r/(i7) — 1] 
such that \Sj\ < exp(G/H) — 1. Without loss of generality we assume that 

|S X | G [2,exp(G/H) - 1]. 

Suppose that there exists h G supp(y?(Si)) nsupp(c/?(S')). By (|2.8p . we have that the sequence 
Si -S' contains a subsequence S[ with v?(Si) = Let S = Si-S'-S[~ . We get a decomposition 

S = S[-i II # 1 • S" satisfying and <E3D • But |S"| = |S X | + \S'\ - \S'i\ < (n - 1) + 
(rj(G/H) — 1) — n = rj(G/H) — 2, a contradiction on (|2.7p . Therefore, 

supp((^(5i)) PI supp((/?(S )) = 0. 

Take a term <? | Si. Since y?(g) ^ supp(<^(S')) and |S' • g\ = n(G/H), it follows from Claim A 
that S' ■ g contains a subsequence S[ with 

(2.9) g | S[ 
and 

(2.10) |S(| < exp(G/H) 
and 

(2.11) CT(Si)Gker^. 

Let S" = Si-S'-Sp 1 . By ^B>, §2JB, (pTOD and (pTll) . we conclude that |supp(^(S"))| > c+1, 
a contradiction with (|2.8p . This proves the lemma. □ 

From Lemma 12.21 we immediately obtain the following 

Lemma 2.3. Let r G N, and let G\ = C£ , G 2 = C£ 2 and G = C^ in2 - Suppose that the 
following conditions hold. 

(i) jjJGiM = rK^l = = f N 
\ / m — 1 n.2 — 1 n\ri2 — \ J ' 

(ii) G 2 /ias Property C; 

(hi) There exist t\ G [1, n 2 — 1], i 2 £ {1, 2} swc/i i/iai i 2 < ii a?i<i swc/i i/iai [n(G 2 ) — ti, n(G 2 ) — 
t 2 ]cC (G 2 ). 
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Then, 

[v(G) - h, 7](G) - t 2 ] C Cq{G). 

3. Some lower bounds on minCb(G) 

In this section we shall prove the following 

Proposition 3.1. Let G = C r n with n > 3, r > 3, and let a r = — 2 r_1 (mod n) with a r € [0, n— 1]. 
Then, 

1. C Q {G) C [(2 r - l)(n - 1) - a r + l,n{G) - 1] if a r ± 0. 

2. C (G) C {(2 r - l)(n- 1) -n,(2 r - l)(n- 1) -n + 1} i/a r = 0. 

Note that a r ^ if and only if n ^ 2 k , or n = 2 k and r — 1 < k; and a r = if and only if 
n = 2 k and k < r — 1. 

For every r € N, let 

G = C r n =< ei >©•••©< e r > 
with < e« >= C n for every i G [1,?*], and let 

Sr= [J K + '-'+^r" 1 

{ii,...,i fe }C[l,r] 

where {ii, . . . ,ik} runs over all nonempty subsets of [l,r]. We can regard as a subgroup of 
C^ +1 and therefore SV+i has the following decomposition 

SV+i = S r (S r + e r _|_i)e r _|_ 1 . 

Since the proof of Proposition 13.11 is somewhat long, we split the proof into lemmas begin 
with the following easy one 

Lemma 3.2. S r is a short free sequence over of length \S r \ = (2 r — l)(n — 1) and of sum 
a(S r ) = -2 r - 1 (ei H h e r ) = a r {e x + • • • + e r ). 

Proof. Obviously. □ 

Lemma 3.3. Let G = with r > 2. Then for every m £ [l,n — 1] anci every i € [1,^], 
sequence S r (eJ n ) _1 (mej) contains no short zero-sum subsequence. 

Proof. Without loss of generality, we assume that i = r. 

Assume to the contrary that S r (e™)~ 1 (me r ) contains a short zero-sum subsequence U. Since 
S r contains no short zero-sum subsequence we infer that me r \ U. Therefore, U = (me r )Uo(Ui + 
e r )e\ with Uq \ S r -\ and U\ \ 5 r _i and k 6 [0, n — 1]. It follows that UqU\ is zero-sum and 
1 < \UqU\\ < n — 1. Since every element in supp(5 r _i) occurs n — 1 times in SV_i, it follows 
from |[/o^i| < n — 1 that C/o^i | <S r _i. Therefore, UqU\ is a short zero-sum subsequence of SV-i, 
a contradiction with Lemma 13.21 □ 



Let A be a set of zero-sum sequences over G. Define 

C(A) = {\T\ : T € A}. 
In this section below we shall frequently use the following easy observation. 

Lemma 3.4. Let G be a finite abelian group, and let a,b £ N with a < b. If there exists a set 
A of zero-sum short free sequences over G such that [a, b] C C{A), then Cq{G) Pi [a, b] = 0. 
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Proof. It immediately follows from the definition of Cq(G). □ 

Lemma 3.5. Let G = C r n with n,r > 3. Then, 

1. C (G) n [\S r \ - (3n - 3) - a r , \S r \ - a r ) = t/a r / 0. 

2. C (G) n [|5 r | - (3n-3),[5 r | - (n + 1)] = t/a r = 0. 

Proof. Recall that \S r \ = (2 r — l)(n — 1). We split the proof into three steps. 

Step 1. In this step we shall prove that 

C (G) n [\S r \ - (3n - 3) - Or, \S r \ - (n + 1) - a r ] = 

no matter a r = or not. 
Let 

A = {S r (( ei + •■• + e r ) ar We^)~\me 3 ) : W | S 2 ,a(W) = 0,m G [l,n-l]}. 

It follows from Lemma 13.31 that every sequence in A is zero-sum short free. 
Since C({W : W | S 2 , cr(W) = 0}) = [n + 1, 2n - 1], we conclude easily that 

= [ISVI — (3n — 3) — o r , \S r \ — (n + 1) — a r ]. 

Now the result follows from Lemma 13.41 and Conclusion 2 follows. 

Step 2. We show that C (G) n [\S r \ - (n + a r ), |5 r | - (r - l)a r ] = for a r ^ 0. 
Let 

Ai = {^((ei + e 2 ) Q ^ • . . . • e^e^Vei) : m € [l,n - 1]} 

and 

A 2 = {S r (( ei + e 2 ) a "( ei + e 3 )e^- 1 er • . . . • e^e^ 1 )- 1 }. 

It is easy to see that every sequence in A\ L)A 2 is zero-sum short free by Lemma l3.3l and Lemma 
[3721 Note that 

£(Ai) U £(A 2 ) = [|5 r | - (r - l)a r - n + 2, |5 r | - (r - l)a r ] U {|5 r | - (r - l)a r - n + 1} 
= [|5 r | — (r — l)a r — n + 1, \S r \ — (? — l)a r ]. 

Since r > 3, we have \S r \ — (r — l)a r — n + 1 < |5 r | — (n + a r ). Therefore, C{A\ U ^4 2 ) = 
C{A\) U £(^4 2 ) 3 [|SV| — {n + a r ), \S r \ — (r — l)a r ]. Again the result follows from Lemma [3711 

Step 3. We prove C (G) n [\S r \ - (r - l)a r , \S r \ - a r ] = for a r / 0. 
Let 

A = {S r ((ei + ■■■ + e r ) kl (ei ■ e r ) fc2 (ei + • • • + e k3 )e k3+ i ■ e r )~ l : 
fa G [0, a r - l],k 2 G [0, a r - l],fa + k 2 = a r — 1, k 3 G [l,r]}. 
Then every sequence in A is zero-sum short free by Lemma 13.31 and by Lemma 13. 2^ and 
£(A) = {\S r \ - fa -rk 2 - 1- (r- fe 3 ) : fa + k 2 = a r — l,k 2 e. [0,a r - l],k 3 G [l,r]} 
= {|5 r |-a r -((r-l)fe + (r-fc 3 )):fc2 G [0,0,-1], A* G [l,r]} 
= [IS 1 ,.) — ra r , |<SV| — a r ]. 
Now the result follows from Lemma 13.41 and the proof is completed. □ 
We also need the following old easy results. 
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Lemma 3.6. The following two conclusions hold. 

1. If n is a power of two then n(G^) = (2 r — l)(n — 1) + 1. [18] 

2. D(C^) > 3n - 2. [20] 

Lemma 3.7. Let n,r G N with n > 3 and r > 3. If a r ^ then C (G) C [(2 r - l)(n - 1) - 
a r + 1, 77(G) -1]. 

Proof. It suffices to show that Cq(G) D [n + 1, |SV| — a r ] = 0. 
We proceed by induction on r. Suppose first that r = 3. 
By Lemma [331 and the definition of Go(G^), we only need to prove 

G (G) n [D(Cl) + 1, \S 3 \ - (3n - 3) - a 3 - 1] = 0. 

By Lemma 13.61 we have -D(C^j) + 1 > 3n — 1. So, it suffices to prove that 

C (G) n [3n - 1, 1 S3 1 - (3n - 3) - a 3 - 1] = C (G) n [3n - 1, 4n - 4 - a 3 - 1] = 0. 

If n = 3, then [3n — 1, An — 4 — 03 — 1] =0 and the result follows. 

Now assume n > 4. It follows from a 3 7^ that n > 5. Thus, a 3 = n — 4 and [3n — 1, 4n — 
4-03-1] = {3n-l}. 

Let T = (ei + e2) 2 (ei + e3) n_1 e™ _1 e2 _2 e3. Then T is zero-sum short free over C% of length 
\T\ = 3n — 1. Now the result follows from Lemma 13.41 This completes the proof for r = 3. 

Now assume that r > 4. By the induction hypothesis there exists a set A r _i of zero-sum 
short free sequences over C^ -1 such that 

C(Ar-i) = [n + 1, |5 r _i| - a r -i}. 

Recall that Q" 1 CCJ = C T n ~ l (e r ). Let 

^ r = {W 2 (Wx + e r )ef : W x G A-i, W 2 G A-l,^ G [0,n- 1], + £ = 0(mod n)}. 

Then every sequence in A r is zero-sum short free over C£. It is easy to see that 

£(Ar_i) U £(A r ) d [n + l,2|5 r -i| - 2a r _i]. 

Note that 

2|/S' r _i| — 2a r _i = 1 5VI — (n — 1) — 2a r _i 
> \S r \ - 3(n - 1). 

Therefore, 

£(Ar_i) U £(A r ) D [n + 1, |5 r | - 3(n - 1)]. 
Now the result follows from Lemma 13.51 □ 

Lemma 3.8. Let n,r,k G N with k > 2, r > A; + 1 and n = 2 k , and let G = C^. Then, 
C (G) C {(2 r - l)(n - 1) - n, {2 r - l)(n - 1) - n + 1}. 

Proof. By Lemma 13.61 we have , 

|5 r | = (2 r -l)(n-l)=r ? (G)-l. 

So, it suffices to show that C (G) D ([n + 1, 77(G) - (n + 2)] U [77(G) -n + 1, 77(G) - 1]) = 0. 
Since r > A; + 1 we have 

o-(5 r ) = 0. 

Step 1. We show G (G) n [n + 1, \S T \ - (n + 1)] = 0. 
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We proceed by induction on r. Suppose first that r = k + 1. 

Ifr = fc + l = 3, we only need to prove Cq{G) n [3n — 1, An — 5] = by Lemma [3. 51 and Lemma 
ESI Let 

A ={(ei + e 2 + e 3 )(ei + e 2 )"- 1 (e 1 + e 3 ) n - m (e 2 + ea^eT^" 2 : m G [2,n - 1]}U 
{(ei + e 2 ) 2 (e 1 + e 3 ) n - 1 er 1 er 2 e3}. 

Then every sequence in j4 is zero-sum short free and C{A) = [3n — 1, An — 3] and we are done. 

If r = k + 1 > 3, we have a r _i 7^ and r — 1 > 3, then by Lemma 13.71 there exists a set ^4 of 
zero-sum short free sequences over C^ _1 such that C(A) D [n + 1, |5V_i| — a r _i]. 

Let 

B = A(J {W 2 {Wi + e r )ei :W 1 £A,W 2 e A,£ G [0, n - 1], \W X \ + 4 = 0(mod n)}. 

Since 

SV-i — a r _i + I *S' r - 1 j — a r _i + a r _i — 1 = |<SV| — 3n/2, 

wehave£(i?) Z> [n+1, |5 r |— 3n/2]. It follows from Lemma l3.5l that Cn(C^)Pl[n+l. [jy) — (n+1)] = 
0. 

Now assume that r > k + 1. By the induction hypothesis, we conclude that there exists a set 
A of zero-sum short free sequences over C r n ~ l such that C{A) D [n + 1, |«SV_i| — (n + 1)]. 
Define a set B of zero-sum short free sequences over as follows 

B = {W 2 (VFi + e r )ef : Wi e A,W 2 e A,£ e [0,n - l],\Wi\ + £ = 0(mod n)}. 

It is easy to see that 

C{B) D [|5 r _i| -ra,2|S r _i| - 2(n + 1)] = [\S r -i\ - n, \S r \ - (3n + 1)]. 

Let 

C 1 = {T:T\S 2 ,a(T) = 0}; 

C 2 = {(ei + e 3 ) n - m er- 1 er 1 (e 1 + e 2 )ef : m £ [l,n - 1]}; 
C 3 = {(ei + e 2 ) 2 ( ei + e 3 ) n - 1 er 1 er 2 e3}; 

C 4 = {(ei + e 2 + e 3 )(ei + e 2 )"" 1 (e 1 + e 3 f- m (e 2 + e^e^" ^3~ 2 = m € [2, n - 1]}. 

Then every sequence in U^ =1 Cj is zero-sum short free. Clearly, 

£(Ci) = [n + l,2n-l]; 
C(C 2 ) = [2n,3n-2]; 
£(C 3 ) = {3n-l}; 
£(C 4 ) = [3n,4n-3]. 

Let 

C = U^iCi. 

Then, 

£(C) d [n + l,4n-3]. 

Let 

D = {SrT'- 1 : T' G C}. 
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Then every sequence in D is zero-sum short free, and 

C(D) D [\S r \ - (4n -3),\S r \-(n+ 1)] 

D [\S r \ — 3n, \ S r \ — (n + 1)]. 

This completes the proof of Step 1. 

Step 2. We prove G (G) n [r)(G) -n+ 1, r,{G) - 1] = 0. 
Let 

A = {S T {e™)- l (me r ) : m € [l,n- 1]}. 
Then every sequence in A is zero-sum short free and 

C(A) = [\S r \-n+ 2, \S r \] = [77(G) - n + 1, 77(G) - 1]. 
This completes the proof. □ 

Proof of Proposition 13, i 1 1. It is just Lemma 13.71 

2. Since a r = 0, we have n = 2 k for some i 6 [2, r — 1], now the result follows from Lemma 

E23 □ 

4. On the groups CI 

In this section we shall study Cq{G) with focus on G = C3. Let us first introduce some 
notations. 

Definition 4.1. Let G be a finite abelian group. Define g{G) to be the smallest integer t such 
that every square free sequence over G of length t contains a zero-sum subsequence of length 
exp(G). Let /(G) be the smallest integer t such that every square free sequence over G of length 
t contains a short zero-sum subsequence. 

We now gather some known results on Property C, rj(G),g(G) and /(G) which will be used 
in the sequel. 

Lemma 4.2. Let r, t 6 N, and let n > 3 be an odd integer. Then, 

1. V (Cl) >8n-7. m 

2. n(C^) > 19n - 18. [6] 

3. 77(Gf ) = 17 = 8x3 - 7. [E] 

4. r/(G|) = 39 = 19 x 3 - 18. [E] 

5. ^(Cf ) = 33 = 8x5 - 7. [IT] 

6. r ? (G 2 r t ) = (2 r -l)(2*-l) + l. p] 

7. r/(G| x2Q ) = 7(3 x 2 a - 1) + 1 where a > 1. [D] 

8. G| and G 2 r t /ias Property C. [II] 

9. 7y(G£) = 2/(G 3 r ) - 1. PS] 
10. G£ has Property C. p2] 

Proposition 4.3. Lei r, t G N. T/ien, 

1. G (G|)c[r ? (G|)-4,r ? (G|)-l]. 

2. G (G|)c[r7(G|)-5,r?(G|)-l]. 

o rrrnr / [r ] (C; t )-(2 t -2 r - 1 ) 1 r ] (C; t )-li if r<t, 
°^ 2t) \ [r}(Cl t ) - (2* + l),r/(G^ t ) - 2% if r > t. 
4. Go(Gf) C {34,35}. 
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Proof. Conclusions 1, 2 and 4 follow from Proposition 13. 11 So, it remains to prove Conclusion 3. 
If r < t then applying Proposition O with a r = 2* - 2 r ~ l we get, C (C£ t ) C [{2 r - 1)(2* - 1) - 
(2* _ 2 r ~ 1 ) + 1, n(C^) - 1] = [r?(C£ t ) - (2* - 2 r ~ 1 ), 7/(C£ t ) - 1]. If r > t then applying Proposition 
Owith a r = we get, C (q t ) C [r/(C 2 r t ) - (2* + 1), r](C; t ) - 2*]. □ 

Lemma 4.4. (|6j, Lemma 5.4) Let r G [3, 5], /e£ 5 and S" 6e iu>o square free sequences over C% 
of length \S\ = \S'\ = g(C^) — 1. Suppose that both S and S' contain no zero-sum subsequence 
of length 3. Then S' = (p(S) + a, where (p is an automorphism of and a G C3. 

Lemma 4.5. Lemma 1) Let T be a square free sequence over Cf of length 8.IfT contains 
no short zero-sum subsequence then there exists an automorphism ip of Cf such that ip(T) = 

3 (•) (a (i) q (•: 

Lemma 4.6. (^; [6], page 182) The following square free sequence overC^ of length 20 contains 
no zero-sum subsequence of length 3. 

f0\ [2\ f0\ [2\ fl\ /0\ fl\ /2\ /1\ /1\ 
2 2 1 2 1 1 1 
0000222210 

v°/ W W W W v°/ W v°/ v°/ Vv 

M /2\ /0\ M /1\ /0\ fl\ /2\ fl\ fl\ 

0022012111 
2222000012 

v 2 / W W V 2 / W V 2 / V 2 / V 2 / V 2 / w 



Lemma 4.7. Let G 



C3 with r > 3, 



and let S be a sequence over G. Then, 



1. If S is a short free sequence over G of length \S\ = n(G) — 1, then ^2(S) 

2. Let T be a square free and short free sequence over G, and let S = T 2 . 
g G supp(S) we have, ^(S • g' 1 ) = J2( s ) \ i 2a }- 

<2 <2 

3. // every short free sequence of length r/(G) — 1 has sum zero, then rj(G) — 2 G Cq{G). 



= C£\{0}. 
Then, for every 



Proof. Conclusions 1 and 2 are obvious. 

To prove Conclusion 3, we assume to the contrary that rj(G) — 2 ^ Cq(G), i.e., there exists 
a zero-sum short free sequence S over G of length |5| = r/(G) — 2. By Lemma 14.21 we have 



77(G) — 2 = 2(f(G) — 2) + 1. This forces that S = g\ ■ . . . ■ g l j^_ 2 9f(G)-i f° r some distinct 



elements gx,... , 9/(G)-i wit h 9i ■ • • 
T = S-g m _ x . Then \T\ = V (G) 
a(T) = 5/(c)-i 7^ 0, a contradiction. 



g/(G)-i contains no short zero-sum subsequence. Put 
1. But T contains no short zero-sum subsequence and 

□ 



Lemma 4.8. Every short free sequence over Cf of length 16 has sum zero. 

Proof. Let S be an arbitrary short free sequence over Cf of length IS"! = 16. From Lemma 14.2 
we obtain that S = T 2 , where T is a square free and short free sequence over Cf of length 8. It 
follows from Lemma 14.51 that o~(T) = 0. Therefore, cr(S) = 2a{T) =0. □ 



Lemma 4.9. The following two conclusions hold. 
1. {14, 15} = {i?(Cf ) - 3, rKCf) - 2} C C (Cf). 
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2. {37,38} = { V (CD -2,7/(0*) - 1} C G (G 3 4 ). 

Proof. 1. From Theorem A we know that 14 G Co(Cf), and 15 G Co(Cf) follows from Lemma 
14.21 Lemma 14.71 and Lemma [ 



2. Denote by U the square free sequence over C| given in Lemma f4.6[ It follows from Conclusion 
4 of Lemma f4.2l that U is a square free sequence of maximum length which contains no zero-sum 
subsequence of length 3. 

Choose an arbitrary square free sequence T over C| of length /(G|) — 1 = 19 such that T 
contains no short zero-sum subsequence. 

Claim A. a(T) £ -supp(T) U {0}. 
Proof of Claim A. Put S = T-0. It follows from Conclusion 4 of Lemma l4,2l that S is a square free 
sequence over G 4 of maximum length which contains no zero-sum subsequence of length 3. By 
Lemma l4.41 there exists an automorphism ip of G| and some g G C 4 such that S = ip(U—g). Since 
| S, it follows that g | U. Thus, a(T) = a{S) = a(<p(U-g)) = tp{a(U-g)) = ip(a(U)-20g) = 

ip(a(U) + g). It is easy to check that cr(U) = I 2 I • Since —a (U) = Q £ supp(E/~), it follows 

that -a(T) = -v{o-{U) + g) = <p(-a(U) - g) £ v?(supp([7) - g) = supp(,S) = supp(T) U {0}. 
This proves Claim A. 

From Lemma 14.21 and Claim A, we derive that every short free sequence over C| of length 
r/(C|) — 1 = 38 has sum nonzero. This is equivalent to that every zero-sum sequence over C| of 
length r/(C|) — 1 contains a short zero-sum subsequence. Hence, 38 = r/(C|) — 1 G Co(C|). 

Suppose that 37 = ?/(C|) — 2 ^ Co(G), that is, there exists a zero-sum short free sequence V 
over C| of length \V\ = f]{Cf) — 2 = 37. From Lemma 14.21 we know that V = W 2 h~ l , where 
h | W and W is a square free and short free sequence over G of length /(C|) — 1 = 19. It follows 
from o~(V) = that cr(iy) = — h 6 — supp(P^), a contradiction with Claim A. □ 

Proposition 4.10. Let G = C3 wit/i r > 3. // there is a short free sequence S over G of length 
\S\ = rj(G) — 1 such that o~(S) 7^ 0, then 

1. I {77(G) - 2, 17(G) - 3} n Co (G) I < 1 

2. |{77(G)-3,77(G)-4}nC (G)|<l. 

Proof. 1. Since a(S) ^ 0, it follows from Lemma [4T71 that there exists a subsequence of S of 
length |W| G {1,2} such that <r(S) = <r(W). Therefore, <r(S ■ W~ l ) = 0, |5 ■ W" 1 ] G {r/(G) - 
3, 77(G) — 2} and 5 • contains no short zero-sum subsequence. Hence, 77(G) — 2 ^ Go(G) or 
77(G) - 3 £ G (G). 

2. By Lemma 14.21 we have that S = T 2 , where T is a square free sequence over G. Choose 
g G supp(5) such that a(S ■ g^ 1 ) ^ 0. Since a(S ■ g^ 1 ) = <j(S) — g / 2g, it follows from 
Lemma H2] that <j(S • 5 _1 ) G ' 9 l ) = ^3 \ {^j ^5}- Similarly to Conclusion 1, we infer that 

77(G) - 3 £ G (G) or 77(G) - 4 \ G (G). □ 

Proposition 4.11. G (Cf) = {37,38}. 

Proof. By Proposition 13.11 we have 

(4.1) G (G 3 4 ) C [30,77(G 3 4 ) - 1] = [30,38]. 
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We show next that 



(4.2) 



[30,36]nC (C7 3 4 ) 



Put 



T 4 



/A 

2 

2 

w 

/A 

2 



W 

/A 





V / 

M 




V / 
M 

2 


w 

/A 





V / 

M 




V / 



M 


2 

V 2 / 
fo\ 

2 


V / 

M 

2 


V / 

/2\ 

2 

2 

V 2 / 
M 

2 


V / 

M 

2 


V / 



2 
2 

V 2 / 




2 
V 2 / 



2 
V 2 / 



M M 


2 

V 2 / 



2 
V 2 / 



M /A /2\ 



1 



V 2 / 
/A 





V 2 / 
M 



i 



V 2 / 
/A 



M 



12 

2 2 2 2 

V / W W V 2 / 

/A M /A M 

12 

2 2 2 2 

v°/ W W \ 2 / 



M 

2 
2 

V 2 / 



Let t7 be the square free sequence given in Lemma f4.6l Then ct(U) 



( 2 \ 

2 
2 



Let S = U 2 -0 



2 n-2 



We 



see that S is a short free sequence of length 38 = J?(C|) — 1. By removing T, from S, we obtain 
that the resulting sequence Si is a zero-sum short free sequence of length r](G) — i — 1 = 38 — i. 
This proves (14. 2p . Combining (14.ip . (I4.2p and Lemma 14.91 we conclude that C (Cf) = {q{G) - 
2, V (G)-1} = {37,38}. ' □ 
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5. Proof of Theorem 11.41 

In this section we shall prove Theorem 11.41 and we need the following lemmas. 

Lemma 5.1. C|15|. Theorem 5.2) Every sequence S over C\ of length \S\ = 2>n — 2 contains a 
zero-sum subsequence of length n or 2n. 

Lemma 5.2. (|12j . Lemma 4-5) Let G be a finite abelian group, and let H be a proper subgroup 
of G with exp(G) = exp(#) exp(G/H). Then n(G) < (n(H) - 1) exp(G/H) + rj(G/H). 

Lemma 5.3. Let p be a prime and let H be a finite abelian p-group such that p n > D{H). Let 
ni,ri2,Tn,n £ N with n\ \ ri2- Then, 

1. D(C ni © G„ 2 ) = m + n 2 - 1. (M) 

2. D(C mp n ®H) = mp n + D(H) - 1. flZU 

3. Let G = C p ei © • • • © C r r with e; € N. Then, D(G) = 1 + £- =1 (p ei - !)■ (TO 

4. 7?(G ni © G n2 ) = 2m + n 2 - 2. 

5. LetG = H® C n with exp(H) \n>2. Then, 77(G) > 2(D(H) - 1) + n. (®) 

6. Every sequence S over C p n © H of length \S\ = 2p n + D(H) — 2 contains a zero-sum 
subsequence T of length \T\ £ {p n ,2p n }. 

7. v(C mp n © H) < mp n + p n + D(H) - 2. 

Proof. 6. Let S = gi ■. . . -gt be a sequence over G = C p n@H of length £ = |5| = 2p n + D(H) - 2. 

Let ai = (jj^J ^ ^p" ® ® ^ with 1 G C p n . Then, ax • . . . • at is a sequence over C p n © G 

of length I = p n + p n + D(H) — 2 = D(C p n © G). Therefore, ai ■ . . . ■ ag contains a nonempty 
zero-sum subsequence VF(say). By the making of a« we infer that \W\ = p n or |W| = 2p n . Let 
T be the subsequence of 5 which corresponds to W. Then T is a zero-sum subsequence of S of 
length \T\ £ {p n ,2p n }. 

7. We first consider the case that m = 1. Let G = G p n © -ff. We want to prove that 
77(G) < 2p" + D(H) -2. 

Let 5 = gi ■ . . . ■ ga be a sequence over G = G p n © # of length £ = |5| = 2p n + D{H) - 2. We 
need to show that S contains a short zero-sum subsequence. It follows from Conclusion 6 that 
S contains a zero-sum subsequence of length |T| E {p ra , 2p™}. If |T| = p n then T itself is a short 
zero-sum sequence over G and we are done. Otherwise, \T\ = 2p n > p n + D(H) — 1 = D(G). 
Therefore, T contains a proper zero-sum subsequence T". Now either T" or TT' -1 is a short 
zero-sum subsequence of 5. This proves that n(C p n © H) < 2p n + D(H) — 2. By Lemma [5T2l 
we have 

??(G p n m © H) < (ry(G m ) - 1) exp(G p n © il) + r/(G p n © H) 
<(m- l)p n + 2p n + D(H) - 2 
= mp n + p n + L>(#) - 2. 

□ 

Lemma 5.4. Let G be a finite abelian group. Then [D(G) + 1, min{2 exp(G) + 1, 77(G) — 1}] C 
G (G). 

Proof. If [D(G) + 1, min{2 exp(G) + 1, 77(G) — 1}] = then the conclusion of this lemma hold 
true trivially. Now assume that [D(G) + 1, min{2 exp(G) + 1, 77(G) — 1}] 7^ 0. Let S be an 
arbitrary zero-sum sequence over G of length |jS| £ [D(G) + 1, min{2 exp(G) + 1, 77(G) — 1}]. It 
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suffices to show that S contains a short zero-sum subsequence. Since \S\ > D(G) + 1, it follows 
that S contains a zero-sum subsequence T of length \T\ € [1, \S\ — 1]. Then a(ST^ 1 ) = 0. Since 
1 5 1 < 2exp(G) + 1, we infer that |T| € [l,exp(G)] or |5T _1 | € [l,exp(G)]. This proves the 
lemma. □ 

Proof of Theorem [H 1. By the definition of C (G) we have, G (G) C [D(G) + 1, 77(G) - 1]. 
So, we need to show 

[D(G) + 1, V (G)-1]CC (G). 

Suppose first that 

G = C n ffi C n . 

By Lemma 15.31 we have D{G) = 2n — 1 and 77(G) = 3n — 2. Let S be a zero-sum sequence over 
G of length |S| 6 [2n, 3n — 3]. We need to show S contains a short zero-sum subsequence. We 
may assume that 

MS) = 0. 

Let T = S ■ o 3n ~ 2 H 5 'l. Then \T\ = 3n — 2 and T contains a zero-sum subsequence T' of length 
\T'\ € {n, 2ra} by Lemma 15.11 If \T'\ = n then T'CP V °( T ) is a short zero-sum subsequence of S 
and we are done. So, we may assume that \T'\ = 2n. Let T" = TT'^ 1 . Now T" is a zero-sum 
subsequence of T of length \T"\ = n — 2. If T" contains at least one nonzero element then 
j"'q— vo(T') j g a ghoj-^ zero-sum subsequence of S and we are done. So, we may assume that 
T" = This forces that T' = S. It follows from D(G) = 2n — 1 that S contains a zero-sum 

subsequence Sq of length l^ol € [l,2n — 1]. Therefore, either Sq or SSq 1 is a short zero-sum 
subsequence of S. 
Now suppose that 

G = C n © C m 

with n I m and 

n < m. 

By Lemma 15.31 we have that D(G) = n + m — 1 < 2m and 2m + l>2n + m — 2 = tj(G). It 
follows from Lemma E3 that + 1, r/(G) - 1] C C (G). 

2. By Lemma EH we have that D(C mp n © if) = mp" + -D(#) - 1 and r](C p n m © iT) < 
mp" + p n + - 2. 

Suppose m > 2. Then r](C p n m © il) < 2mp n . Similarly to the proof of Conclusion 1, we can 
prove that [D(C p n m © H) + 1, r](C p n m © il) — 1] C Go(G), and we are done. So, we may assume 

m = 1. 

Then rj(C p n © ii) < 2p n + D(H) — 2 and the proof is similar to that of 1 by using Conclusion 6 
of Lemma 15.31 

3. It is just Proposition 14.111 



4. It is easy to verify that C {C r 2 ) D {2 r - 3,2 r - 2} = {r/(G 2 r ) - 3,r/(G 2 r ) - 2}. So, C (C r 2 ) = 
{2 r - 3, 2 r - 2} = {q{CD - 3, jy(C5) - 2} follows from Proposition ED □ 
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6. Proof of Theorem 11.31 
We need the following result which states that Property C is multiple. 

Lemma 6.1. ( [12\ Theorem 3.2) Let G = C mn with m,n,r G N. If both and C r n have 
p r0 p er ty Q and 

V (C r m ) - 1 = n(C r n ) - 1 = njC^J - 1 = e 
m — 1 n — 1 mn — 1 

for some c G N then G has Property C. 

Lemma 6.2. // ^-l" 1 = ??(gahi = c for some c G N and if r){C r mv ) > c{mn - 1) + 1 then 
^{Cmn) = c{mn - 1) + 1. 

Proof. The lemma follows from Lemma 15.21 □ 

We also need the following easy lemma 

Lemma 6.3. (Tl6] Lemma 4-2.2) Let G be a finite abelian group. Then, s(G) > ij(G) + exp(G) — 
1. 

Proposition 6.4. Let n = 3m, where m is an odd positive integer. Then, 

1. Ifn{Cl) = 8m - 7 then V (C%) - 2 G C (C*). 

2. If V (C^) = 19m - 18 then {r,(C%) - 2,r,(C^ - 1} C C (C^. 

Proof. 1 . From Lemma 15.21 and Lemma 14.21 we deduce that ^^-i 1 = ^^Z/p^ = 1 = 8 

. Now r](Cn) - 2 € Co(C^) follows from Lemma H~2| Lemma IQl and Lemma [2731 with G 2 = Cf 
and t\ = t 2 = 2. 

2. The proof is similar to that of Conclusion 1. □ 

Proposition 6.5. Let a, (3 E No mi/i a > 1. Then, 

1. //a + /3 > 2 ^en MCf a{5jS ) - 2 ) 7 7 (C 3 3 C ^) - 1} C C (C 3 3 a5/3 ). 

2. { 7? (C3 4 a )-2,r ? (C3 4 a )-l}cCo(C 3 4 „). 

Proof. The proposition follows from Lemma [4. 2 1 Lemma [6.2l Lemma [2.1l and Proposition l6.4i □ 

We shall show the following property which is easier to be checked than Property C can also be 
used to study Cq(G). 

Property Dq: Let c, n G N. We say that C r n has property Dq with respect to c if every sequence 
of the form g\Yi=i9i~ l contains a zero-sum subsequence of length exactly n, where g,gi G C r n 
for all i G [1, c]. 

Lemma 6.6. (^8] ; page 8) Let m = 3 a 5 6 with a,b nonnegative integers. Let n > 65 be an odd 

y P 

,17 



positive integer such that C 3 has Property Dq with respect to 9 for all prime divisors p of n. If 



m > 



2 x 5 7 rr 



(n 2 - 7)n - 64 
then s(C^ n ) = 9mn — 8. 
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Proposition 6.7. Let m = 3 a 5^ with a G N and (3 G No- Let n > 65 be an odd positive integer 



such that Cp has Property Dq with respect to 9 for all prime divisors p of n. If 



6 x 5 7 n 17 
{n z — 7)n — 64 



then r/(C^ n ) - 2 G C (C* n ). 

Proof. Let ml = S. Then m' = S" -1 ^ > , % x fo 17 R , and a - 1 > 0. 

■> 3 — (n^— 7)n— 64 — 

By Lemma [6. 6 1 and Lemma f6.3l we have s(GjL ) = 9m'n— 8 and 77(CjL ) < 8m'n—7. It follows 
from Lemma |M] that r/(G^,J = 8m'n - 7. Since r/(Cf) = 8x3-7 and r?(Cwn) = 8m'n - 7, 
it follows from Lemma 16.21 that ^(C^J = 8mn — 7. What's more, Gf has Property G and 
»7(Cf ) - 2 G G (Gf ) by LemmaSE Therefore, r/(C^ n ) - 2 6 G (G^ n ) by LemmaO □ 

Proof of Theorem^ 1. It follows from Theorem O that G (G) = [D(G) + 1, 17(G) ~ 1] = 
[ra 2 + ni, n 2 + 2n\ — 3] ^ 0. 

2. If a > 1 then it follows from Proposition 16.51 and Lemma 14.91 Now assume b > 2. Since 
^(Cf^) = 8(3 a 5 6 - 1) + 1, it follows from Lemma O that r?(Gf a5b ) - 1 G G (Gf a56 ). 

3. Let Gi = C| x2a _ 3 and G 2 = Gf . Then r/(Gi) = 7(3 x 2 a ~ 3 - 1) + 1, r/(G 2 ) = 7 x (8 - 1) + 1 and 
G 2 has Property C. Therefore, r?(C|) - 1 G C (C|) by LemmaEU So, 7?(Gf x2a ) - 1 G G (Gf x2a ) 
by Lemma 12.31 

4. The result follows from Proposition 16.51 

5. Let G = C r 2 a with 3 < r < a. Since ^(C^) = (2 r - l)(2 a - 1) + 1, 2 r - 1 < 2 a and G£ a has 
Property C, we have that n(C 2a ) — 1 G Co(C 2a ) by Lemma [2TT1 

If G = C 2 and r > 3, then it follows from Theorem 11.41 

6. Let m = 3 ni 5 n2 and n = 7 n3 ll n4 13" 5 . It follows from n 3 + n A + n 5 > 3 that n > 65. By 
the hypothesis of n\ + n 2 > 11 + 34(ri3 + 71,4 + 715) we infer that, m = 3 ni 5 n2 > 3 ni+n2 > 
3 ii334(n3+n4+n 5 ) > 4 x 5 8 x I3i4(n 3 +n 4 +n 5 ) > 4 x 5 8 n i4 > ^J" 17 + 3. Since it has been 

[n z — 7)n— 64 

proved that every prime p G {3, 5, 7, 11, 13} has Property Do with respect to 9 in [8], it follows 
from Proposition that r/(C|) - 2 G G (G|). 

7. It follows from Conclusion 2 of Theorem O that G (G) = [D(G) + 1, 77(G) - 1]. By 3 and 5 
of Lemma [O] we have that, 77(G) - 1 > mp n + 2(D(H) - 1) - 1 > mp n + D(H) = D(G) + 1. 
Therefore, G (G) ^ 0. □ 

7. Concluding Remarks and Open Problems 

Proposition 7.1. Let G be a non-cyclic finite abelian group with exp(G) = n. Then Go(G) U 
{77(G)} doesn't contain n + 1 consecutive integers. 

Proof. Assume to contrary that [t,t + ri] C Go(G) U {77(G)} for some t G N. By the definition 
of Go(G) we have that t + n — 1 < 77(G). So, we can choose a short free sequence T over G 
of length \T\ = t + n - 1. It follows from £ + n - 1 G G (G) U {77(G)} that a(T) / 0. Let 
g = a(T) and let S = T ■ (—g). Since \S\ = t + n G Go(G) U {77(G)}, S" contains a short zero-sum 
subsequence U with (-g) [ [/. Note that t < \S ■ U~ l \ < t + n - 2 and a(S ■ U' 1 ) = 0. It follows 
from [t,t + n] C Go(G) U {77(G)} that S ■ U~ l contains a short zero-sum subsequence, which is 
a contradiction with S ■ U^ 1 I T. □ 
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Proposition 17. II just asserts that Cq(G) can't contain any interval of length more than exp(G). 
Proposition 13. II shows that Cb(C^) could not contain integers much smaller than n(C^) — 1. So, 
it seems plausible to suggest 

Conjecture 7.2. Let G ^ C2 C2m, m 6 N be a finite non-cyclic abelian group. Then 
C (G) C [n(G) - (exp(G) + 1), 77(G) - 1]. 

Conjecture 17.21 and Conjecture 11.21 suggest the following 

Conjecture 7.3. Let G ^ C2 ® C2m, m £ N fc a finite non-cyclic abelian group. Then 1 < 
|G (G)| < exp(G). 

Conjecture 7.4. G (G) = [min G (G), max G (G)]. 

The following notation concerning the inverse problem on s(G) was introduced in [10J. 
Property D: We say the group C r n has property D if s(C£) = c(n — 1) + 1 for some positive 
integer c, and every sequence S over of length \S\ = c(n — 1) which contains no zero-sum 
subsequence of length n has the form S = IliLi^r where gi,...,g c are pairwise distinct 
elements of C r n . 

Conjecture 7.5. f[10|. Conjecture 7.2) Every group C^ has Property D. 

It has been proved ([ID], Section 7) that Conjecture 17.51 if t rue would imply 

Conjecture 7.6. Every group C£ has Property C. 

Suppose that Conjecture 17.61 holds true for all groups of the form C r n . For fixed n, r € N and 
any a € N we have that n(C^ a ) = c(n a ,r)(n — 1) + 1, where c(n a ,r) € N depends on n a and r. 
By Lemma [5. 21 we obtain that the sequence {c(n a , r)}^ =1 is decreasing. Therefore, c(n a ,r) < n a 
for all sufficiently large a. Hence, by Lemma [2.11 we infer that n(C^a) - 1 6 Co(C^a) for all 
sufficiently large a € N. 
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